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BOUNDARY BEHAVIOR OF INFINITESIMAL GENERATORS IN THE 

UNIT BALL 

FILIPPO BRACCit AND DAVID SHOIKHET 



Abstract. We prove a Julia- WolfF-Caratheodory type theorem for infinitesinial genera- 
(j_j ' tors on the unit ball in C". Moreover, we study jets expansions at the boundary and give 

^Q , necessary and sufficient conditions on such jets for an infinitesimal generator to generate 

«vj ' a group of automorphisms of the ball. 

(N 



1. Introduction 



The classical Julia- Wolff-Caratheodory theorem (see, e.g. [21 [131 [IHl HE]) is the most 
powerful tool for studying properties of bounded holomorphic functions of the unit disc 
D of C at a given boundary point. This theorem has been generalized to the unit ball B" 
of C" by W. Rudin (see [1?]) and to strongly (pseudo) convex domains and other domains 
in C" by other authors, notably by M. Abate (see |I], [2]- See also |3j for the most recent 
|> I and complete survey on the subject). 

G^ ' In what follows we are mainly interested in the case of mappings fixing a boundary 

Xq ■ point. Since the group of automorphisms of B" acts bi-transitively on SB", without loss 

of generality we restrict our attention to the point ei = (1, . . . , 0) G 9B". 
ff^ I The maps we are working with are not assumed to be continuous up to the boundary, 

O ' thus we have to specify the meaning of the term "boundary fixed point". In higher 

dimensions, in fact, different approaches to boundary limits are possible. We recall them 
here briefly (see [1], [17] for more information). 

Let i? > 1 and let K{ei,R) := {^ G B" : |1 - zi| < f (1 - Hzf)} be a Koranyi region 

of vertex ei and amplitude R (see [TTJ Section 5.4.1], [13j). In [H Section 2.2.3] a slightly 

cH • different but essentially equivalent definition is given and used. In order not to excessively 

burden the notation, since we are only working at ei, from now on, when we talk about 

Koranyi regions, we will always mean Koranyi regions of vertex ei. 

Let / : B" — )■ C" be a holomorphic map. We say that / has K-liinit L at ei - and 
we write K-\im.z^ei f{z) = L - if for each sequence {z^} C B" converging to ei such 
that {zk} belongs eventually to some Koranyi region, it follows that f{zk) — )■ L. We say 
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2 F. BRACCI AND D. SHOIKHET 

that / has restricted K-liniit L at ei - and we write Zk hm^-^ei f{z) = L - if for each 
sequence {zk} C B" converging to ci such that \\zk — (-2^, ei)ei|p/(l — |(zfe,ei)p) — )■ 
and {zk,ei) — )■ 1 non-tangentially in D it follows that f{zk) — ?> L. Finally, we say that 
/ has non-tangential limit L at Ci and we write Zlini2^.ei /(^) = L, if for each sequence 
{zk} C B" converging non-tangentially to Ci - i.e., such that there exists C > with 
ll^fc — eill < C(l — ||-2fcin for all /c > 1 - it follows that f{zk) — > -^. 
One can show that 

K- lim f{z) = L^ Ak lim /(2) = L ^ Z lim f{z) = L, 

but the converse to any of these implications is not true in general. 

A holomorphic self-map / : B" — )■ B" has a boundary regular fixed point at Ci if 
Zlim^^ei/(^) = ei and 

afiei) := liminf ^ ~ ^*{^^,^^* < +oo. 

2->ei 1 - \\z\\ 

Now we can formulate the Julia-Wolff-Caratheodory Theorem for B" for boundary 
regular fixed points in the way we need in this paper. As is customary, we denote by 
{ei, . . . , e„} the standard orthonormal basis in C" (the symbol ei denotes thus both the 
point and the direction). 

Theorem 1.1 (Rudin). Let / : B" — )• B" be holomorphic. Suppose that ei is a boundary 
regular fixed point for f . Then i^-lim^^ei f{z) = ci. Moreover, 

(1) {dfz{ei),ei) and {dfz{eh),ek) are bounded in any Kordnyi region for h,k = 2, ... ,n. 

(1 ) (dfzicj), C\i l{\ — Zi)^!"^ is bounded in any Kordnyi region for j = 2, . . . , n. 

(1 ) (1 — Ziy^'^{dfz{ei), Cj) is bounded in any Kordnyi region for j = 2, . . . , n. 

(2) Z;,lim,^e,i4S^=«/(ei), 

(3) Zxlim2^ei('i/2(ei),ei) = a/(ei), 

(4) Zk lim^^eAdfziej), ei) = for j = 2, . . . ,n. 

(5) Zxlim.^ei (^^g0 = /or J = 2, . . . ,n. 

(6) Zxlim,^ei(l - z,y/^{df,{e,),e,) = forj = 2,...,n. 

One can interpret Julia- Wolff-Caratheodory's theorem as a description of the first jet 
of a holomorphic self- map of the unit ball at a boundary regular fixed point. 

One of the aims of the present paper is to give a corresponding theorem for infinitesimal 
generator (that is, W-seniicomplete holomorphic vector fields) on B" having a "regular 
singularity" at ci. 

A holomorphic vector field G : B" — )> C" is said to be an inhnitesimal generator if the 
Cauchy problem 

(1.1) 
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has a solution Xz^ : [0, +00) 3 t 1— ;■ x{t) for all zq G B". If this is the case, the map 
: [0, +00) X B" H-)> B" given by 0j(-2) := Xz{t) is real analytic and z 1— )■ 0j(2;) is a 
univalent holomorphic self-map of B" for all fixed t G [0, +00). The family (0^) is a 
(continuous) semigroup, namely a continuous morphism of semigroups between (M+,+) 
endowed with the Euchdean topology and (Hol(B",B"'), o) endowed with the topology of 
uniform convergence on compacta. 

Conversely, any (continuous) semigroup of holomorphic self-maps of B" is associated 
uniquely to an infinitesimal generator. Interior fixed points of the semigroups correspond 
to singularities of the vector field. At the boundary, the situation is more complicated 
(see Sections [2] and E])- For the time being, we say that ei is a boundary regular null point 
(or BRNP for short) if it is a boundary regular fixed point for the associated semigroup 
of holomorphic self-maps and we say that /3 G M is the dilation of G at ei if the flow (pi 
of G at the time 1 has boundary dilation coefficient a,j,j^{ei) = e^ (see Definition 12. 21 for a 
definition of BRNP which does not involve the associated semigroup). 

Now, a version of the Julia- Wolff-Caratheodory Theorem for infinitesimal generators 
which we are going to prove is the following: 

Theorem 1.2. Let G : B" — )■ C" be an infinitesimal generator. Suppose that 

(*) B" 9 2; I— !■ — j ^ — j — is bounded in any Kordnyi region and 

\Z\ — 1 1 

1 1 r^ { \ \ I 

(**) B" 9 2; I— )■ \ is bounded in any Kordnyi region for j = 2, . . . ,n. 

\zi — 1]'^'^ 

Then ei is a boundary regular null point for G. Moreover, let P E M. denote the dilation 
of G at ci. Then 

(1) {dGz{ei),ei) and {dGz{eh),ek) are bounded in any Kordnyi region for h,k = 

2, ...,n, 

(1 ) {dGz{ej), ei) / {1 — ZiY^'^ is bounded in any Kordnyi region for j = 2, . . . ,n, 

(1'") (1 — ZiY^'^{dGz{ei), Cj) is bounded in any Kordnyi region for j = 2, . . . ,n, 

(2) Z;,lim,^,,M^ = /3, 

(3) ZK\iraz^ei{dGz{ei),ei) = (3, 

(4) Zxlini^^ei(c?G^(ej),ei) = for j = 2, . . . ,n. 

In the case where the infinitesimal generator extends smoothly past ei. Theorem 11.21 
is a consequence of Theorem 11.11 applied to the associated semigroup. However, if no 
regularity is assumed, this way of proceeding does not seem to be possible. Our proof, 
in fact, does not involve the associated semigroup, but it is based on the properties of 
infinitesimal generators, and it is contained in Section |H In particular, we shall prove an 
intermediate version of the Julia- Wolff-Caratheodory theorem assuming only hypothesis 
(ll.2l) .(*) (see Proposition 14.11) . In Example 14. 3[ we give an example of an infinitesimal 
generator which satisfies (ll.2l) .(*) but not (ll.2p .(**) and for which some implications 
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of Theorem 11.21 do not hold. In Subsection 14.11 we discuss the (dis) similarities between 
Theorem 1 1 . 1 1 and Theorem 11.21 and some natural open questions raised up from this work. 

Next, in Section [5l assuming a C^ regularity at the BRNP ei, we describe the jets 
space of infinitesimal generators, giving complementary results to the ones obtained in 
[9] for local biholomorphisms of strongly (pseudo) convex domains. In particular, we are 
interested in finding (minimal, pointwise) necessary and sufficient conditions for an in- 
finitesimal generator to generate a group of automorphisms of B". In case of an interior 
singularity, the condition is rather simple: an infinitesimal generator G with a singularity 
at Zq G B" generates a group of automorphisms of B" if and only if the spectrum of dGz^ 
is contained in the imaginary axis iM. 

In the case where the singularity is at the boundary, we prove the following result: 

Theorem 1.3. Let G he an infinitesimal generator on B" of class C^ at ei. Assume that 
ei is a boundary regular null point with dilation /3 G M. Then G generates a group of 
automorphisms if and only if the following conditions are satisfied: 

(1) Re(||(ei),efc) = f,/orfc = 2,...,n, 

(2) Re(^(ei),ei) = /3/orfc = l,...,n, 

(3) (affe(ei), eh) = ^for2<k<h<n, 

(4) Re(^(eO,ei) = 0. 

Moreover, if the previous conditions are satisfied, then G = if and only if (3 = 0, 
(g(ei), efc) = 0fork = 2,...,nand (^(ei), d) = 0. 

The assumption on the G^ regularity of G at ei can be lowered by assuming the existence 
of an expansion of G in any Koranyi region with vertex ci, but for the sake of clarity, we 
will deal only with the C^ case. 

The previous result belongs to the family of so-called "rigidity phenomena" , where some 
minimal conditions on the maps/infinitesimal generators of B" at one point imply certain 
specific forms. For instance, the well known Burns-Krantz rigidity theorem [10] states 
that a holomorphic self-map of the unit ball which is the identity up to the third order 
at a boundary point, is the identity tout court. Such a result has been extended later 
to infinitesimal generators (see [H], and also [H]), in the following way: an infinitesimal 
generator in B" which is up to the third order at a boundary point of B" is identically 
zero. In a sense. Theorem 11.31 is a quantitative version of such rigidity phenomena. 

The main idea for the proof is to transfer the information on G to a family of infinites- 
imal generators on D by means of a method which we call "slice reduction" (see Section 
[3]), first introduced in [7] and implemented here. 

Finally, in Section [6] we show with a couple of examples that, contrarily as one might 
expect, the slice reductions do not preserve the boundary expansion: while in the one 
dimensional case the quadratic expansion at a BRNP of an infinitesimal generator is 
always an infinitesimal generator which generates a semigroup of linear fractional maps. 



BOUNDARY BEHAVIOR 5 

in higher dimension this is no longer the case. Moreover, even if the quadratic expansion 
is an infinitesimal generator, the generated semigroup might not be linear fractional. 

This work was carried out while both authors where visiting the Mittag-Leffler Institute 
during the program "Complex Analysis and Integrable Systems" in Fall 2011. Both 
authors thank the organizers and the Institute for the kind hospitality and the atmosphere 
experienced there. 

The authors thank Mark Elin, Marina Levenshtein, and Jasmin Raissy for useful com- 
ments on a preliminary version of the manuscript. 

They also warmly thank the referee for his/her precious comments and remarks which 
improved a lot the paper. In particular they are in debts for his/her suggestion to use 
weights in the statement of Theorem 11.21 and for having found a mistake in the original 
statement of Theorem II. 3[ 

2. Infinitesimal generators on the unit ball and BRNP's 

Infinitesimal generators have been characterized in several ways. In the unit disc D, the 
following powerful characterization is due to Berkson- Porta formula [5]: a holomorphic 
vector field (7 : D — )■ C is an infinitesimal generator if and only if there exist r G © and 
p-.B^ {zeC:Rez>0} such that 

(2.1) ^(C) = (r-C)(l-rCMC). 

In the multi-dimensional case, several equivalent characterizations are given both using 
Euclidean inequalities (see [IS]), the Kobayashi metric (see [1]) and pluripotential theory 
(see [7]). In what follows, we need a characterization only for boundary regular fixed 
points, which we are going to define. 

The function 

1- \\zf 
Um"{z) := -T- r^ 

|1 — Zi\^ 

is the pluricomplex Poisson kernel with a pole at ei and its sublevel sets {um^^z) < —1/R} 
for R> are called horospheres with center ci and radius R. 

Recall that a function / : B" — )■ C™ is C^ at Ci if / and all its partial derivatives up to 
order k extend continuously to Ci. As the horospheres are smooth ellipsoids, by Whitney's 
extension theorem, this is equivalent to saying that for each horosphere E with center ei 
there exists a function / (depending on E) of order C'' defined in a open neighborhood 
of E such that f\E = f ■ 

The following characterization of infinitesimal generators in terms of the function u^n 
has been proved in [TJ Theorem 3.11]: 

Theorem 2.1. Let G : B" — )■ C" be holomorphic and C^ at Ci. If d{uM")z ■ G{z) < for 
all z eM"- then G is an infinitesimal generator. 

Now we define BRNPs: 
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Definition 2.2. Let G be an infinitesimal generator in B". The point ei is a boundary 
regular null point, or BRNP for short, if there exists 6 G M such that 

{duMr^)z-G{z)+buMr^{z) <0 V;zeB". 

The number 

I, • Giz) 



/3 := - inf 
is called the dilation of G at ei. 

According to [3 Theorem 0.4] (see also [15]), if G is an infinitesimal generator with the 
associated semigroup {(pt) then ei is a BRNP for G with dilation /3 if and only if for all 
t > it follows 

UbAM^)) < e~*^MB"(^) V;z e B". 
The number e*^ is the so-called boundary dilation coefficient of 0j at ei. The previous 
inequality means that a horosphere of center ei and radius i? > is mapped into a 
horosphere with center ei and radius e*^i?. 

3. Slice reduction of infinitesimal generators and BRNPs 

Let 

£ei := {v EC" : \\v\\ = 1, {v, ei) = a > 0}. 
Also, let 

(3.1) <^„(C):=a(C-l)^ + ei. 

It is easy to see that </)„ : D — t- B" is holomorphic, and it is a complex geodesic, in the sense 
that it is an isometry between the Poincare distance in D and the Kobayashi distance in 
B". Furthermore, it is well known (see, e.g. [Tj and ^ Section 1]) that any complex 
geodesic 77 : D — )■ B" extends holomorphically through the boundary and moreover, if 
Ci G ri{d3), then there exists an automorphism 6 of the unit disc such that r^ o ^ is of the 
form dSH). 

Remark 3.1. A direct computation shows that mb"(v^d(C)) = ^'"d(C) fo^' all C ^ I^- 

For a vector w G C" we use the notation w = {wi,w") G C x C"^^. The holomorphic 
map pt, : B" — !• C" defined by 

3.2 Pvizi,z") := "^ ' ' ^\ , '' ■" 

V l + l(^",r;") + i#(l-^i) 

has the property that Pi,(B") = ifviji) and, moreover, p^ o ipviCj = fv{() for all ( G 
Finally, we let pv := v^;;^ o p^ : B" — )■ D, i.e. 

(3.3) pM, z") = 1 + ^ M-^-^) ^ -{z,v) 
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Note that for every w = {wi,w") G C" it follows that 

1 1 -a^ 1 

dip,)^^iQi^i,w") = —wi + ^(C - 1)^1 - -(C - l){w",v"). 

a^ a^ a 

Definition 3.2. Let G : B" — ;■ C" be a holomorphic vector field. Let 

We call the holomorphic vector field gf^ : D — )■ C the slice reduction of G to v. 
More explicitly 

^.(C) = ^G.iMO) + ^^(C - i)G,iMC)) - -(C - i){G"iMO),v") 
= ^^(^1(^.(0) - ^-^{G{MO),v)- 

a^ a 

The following version of Julia's lemma for infinitesimal generators was proved in ^ 
Theorem 0.4] (see also y^ Theorem p. 403] and, for the one-dimensional case, see [T2| 
Theorem 1]): 

Theorem 3.3. Let G : B" — )■ C" be an infinitesimal generator. Then the following are 
equivalent: 

(1) G has BRNP at d and dilation /3o < /3 G M, 

(2) rf(MBn)^ • G{z) + (5uKn{z) < for all z G B", 
Re(G(z),z) _ p^^ (G(^),ei) ^ ^ 

1- II^P ^ 1-zi - 2- 

(4) for each v G £ei the slice reduction g^ is an infinitesimal generator of the unit disc 
with BRNP at 1 and dilation < /3. 

(5) there exists C > such that for all v G £ei it follows 

r \9v{r)\ 
limsup < 6. 

{0,l)9r-5.1 1 — r 

Moreover, if the previous condition is satisfied, then 1 is a BRNP for g^ and the 
following non-tangential limit exist 

Zlim^;(C) = Zlim^ = /3, GM, 

with f3v < (3 and 

/3o = sup /3y. 

A sufficient condition for the existence of BRNP, which we will use in the sequel, is 
contained in the following (see [15]): 

Theorem 3.4. Let G : B" — )• C" be an infinitesimal generator. Assume that 



(3) '-^-;-^';/ _ Re ^^v^^. ^1/ < ^^ j-^^ ^11 ^ ^ 
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(1) lim(o,i)9r.^i G(rei) = 0, 

(2) liminf.^iRe^^^^^ < +oo. 
Then 

lim M!:^ili^ = ^eM 

(o,i)9»--s>i r — 1 
and ei is a BRNP for G with dilation /3. 

Slice reductions of holomorphic vector fields preserve pluricomplex Green and Poisson 
functions of strongly convex domains, as shown in [7] (see also [TlJ for somewhat explicit 
computations). As a consequence, a holomorphic vector field is an infinitesimal generator 
if and only if all its slice reductions (with respect to all points r G 9B") are infinitesimal 
generators in the unit disc. In what follows, we need only a boundary version of this fact, 
which we prove here explicitly for the unit ball. We start with the following: 

Lemma 3.5. Let G : B" — t- C" be holomorphic. Then, for all v = {a, v") G Cei, and for 

allCeB 

Re {GJMO), V^.(C)) p^ {GJMO), ei) Re {g^jQ, Q g^jQ 

^^ 1-||^.(C)P l-(y..(0,ei) 1-ICP 1-C 

(2) for all S eR it follows 

d{uD)c ■ QviO + Suo{C) = a^[(i(MB")<p,(c) ■ G{ip^{C)) + SuRn^ip^ {())]. 

Proof (1) Wehavel-||(^^(C)|P = a2(l-|C|2) and 1 - (^^(C), ei) = a'^{l-(). Write d 
for Gi{ipy{()) and G2 for {G{(pv{()),v). Then, taking into account that for all a G C it 
holds Re (aC) + Re (a^) = 2Re(^Rea, and expanding (1), we have 

lRe(G2C) 1 ReGa 1 Red 1 Red 1 Re (dC) |CP Red 



al-|Cp al-|CP a2i_|^|2 ^2 |i _ ^p ■ ^2 |i _ ^|2 ^^2 1 - |CP 
ICP Red IRe(dC) 1 Re(dC) iCl'Red IRe(dC) iCl'Red 



a 1-lCp al-|CP a^ |1-CP a^ \1 - C\^ tt|l-CP a|l-Cl' 
1 Red IRe(dC) / l-KP -l + 2ReC-|Cr 



Red 



a|l-CP « |1-CP V"'(1-|CP) a2|l-CP 

as we wanted. 

(2) A direct computation shows that 

dM. ■ G(.) ^ -2Re (^mi^) 1-H^ + 2ReM£^. 

V ^ — Z\ J \V — Z\\ \V — Z\\ 

Hence, the result follows from (1) taking into account Remark |3. II Also, see [7| Eq. (4.7) 
p. 45], where such a formula has been proved for strongly convex domains. D 
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Also, we need the following lemma which will be useful to move from BRNP with 
dilation > to BRNP with dilation < 0: 

Lemma 3.6. Let /3 eR. Define Hp : B" -^ C" hy 

(3.5) Hp{z) = ^{er-z,z). 

Then Hp generates a group of (hyperbolic) automorphisms ofW^, with BRNP at Ci with 
dilation —f3 and 

(3.6) rf(MB")^ ■ Hp{z) - (3uMn{z) =0 \fz e B". 
Moreover, for all v G £ei the slice reduction is 

/^.(C) = f(i-a = -/3(C-i)-f(C-i)^. 

Proof. It is well known that if^ is a generator of a group of (hyperbolic) automorphisms 
(see, e.g. [6]) with BRNP at ei and dilation —(3. Hence —H^ is a generator of a group of 
automorphisms having BRNP at ei with dilation /3. Applying Theorem 13.31 (2) at both 
Hp and —Hp we get (13. 6p . 

The form of the slice reductions is a direct computation from the very definition. D 

In the paper we will use several times the following trick, whose proof is immediate 
from Theorem 13.31 and Lemma 13. 6[ which we state here for the reader convenience: 

Corollary 3.7. Let G : B" — t- C" be an infinitesimal generator and assume ei is a BRNP 
for G, with dilation 5. Let /3 G M and let Hp be given by (13. 5p . Then G + Hp is an 
infinitesimal generator in B" with ei as BRNP and dilation 6 — p. 

Now we can prove a boundary characterization of infinitesimal generators at BRNP: 

Proposition 3.8. Let G : B" — t- C" &e holomorphic and G^ at ei. Then the following are 
equivalent: 

(1) G is an infinitesimal generator with BRNP at ei and dilation < /3 G M, 

(2) for each v G £ei the slice reduction g^ is an infinitesimal generator of the unit disc 
with BRNP at 1 and dilation < (3. 

(3) d{uM^), ■ G{z) + (5un^{z) < for all z G B". 

Proof. (1) implies (2) and (3) by Theorem 13.31 

If either (2) or (3) holds, the only aim is to show that G is an infinitesimal generator, 
because then (1) follows from Theorem 13.31 

Let F := G + Hp, where Hp is given by (13. 5p . 

Assume (2) holds. By Theorem 13.31 it follows that d{uo)(; ■ gv{() + /3w]d(C) ^ for all 
(^ G D and v G Cei- Hence, by Lemma 1331 and (13. 6 p it is easy to see that d{uB")z-F{z) < 
for all z G B". The same conclusion is obtained directly if (3) holds. By Theorem 12. II it 
follows that F is an infinitesimal generator, and so does G = F — Hp, because infinitesimal 
generators in the ball form a cone (see ^ Corollary 2.5.29]). D 
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Finally, we have the following characterization of generators of groups which we will 
use later. 

Proposition 3.9. Let G : B" ^ C" be holomorphic and C^ at e^. Let (3 e '^. The 
following are equivalent: 

(1) G generates a group of automorphisms ofW with BRNP Ci and dilation (5, 

(2) d{unr^),-G{z) + (5un^{z) =0, 

(3) for each v G £ei the infinitesimal generator g^ generates a group of automorphisms 
ofD with BRNP 1 and dilation (5, 

(4) for each v G £ei it holds d{un)(^ ■ gv{() + /3md(C) — 0- 

Moreover, G = (hence the group it generates is the trivial group of automorphisms 
(f)t{z) = z for all t > 0) if and only if for each v G £ei it follows g^ = 0. If this is the case 
then P = 0. 

Proof. (2) is equivalent to (4) by Lemma [3.51 

If (1) holds then —G is an infinitesimal generator on B" with BRNP at ei and dilation 
— /3. Hence Theorem 13.31 applied to G and —G implies (2). If (2) holds, then (1) follows 
from Proposition 13.81 applied to G and — G. Similarly, (3) is equivalent to (4). 

Finally, by fl3.4p it is easy to see that G = if and only ii g^ = for all v G £ei • D 

4. The Julia-Wolff-Caratheodory Theorem for infinitesimal generators 

As a matter of notation, we write Z lim for non-tangential limits, Z^ lim for restricted 
i^-limits and K — lim for i^-limits. 

Proposition 4.1. LetG be an infinitesimal generator on M"- . Supposelim.(^o^i)^r^iG{rei) = 
and 

(4.1) M"' 3 z \-^ — j ^ — j — is bounded in any Kordnyi region. 

ki - 1| 

Then ei is a BRNP for G. Moreover, if (5 eM. is the dilation of G at ci, then 
(1 ) B" 9 2; I— )■ ((iGz(ei), ei) is bounded in any Kordnyi region, 
(1 ) B" 9 2; I— )■ I _']^]i/2 ^s bounded in any Kordnyi region for j = 2, . . . ,n, 

(2) Zk lim.^e, 4f^ = /3, 

(3) Zxlim^^ei(c?G2(ei),ei) = f3. 

Proof. By hypotheses of the theorem clearly guarantee that the hypotheses of Theorem 
13.41 are satisfied so that Ci is a BRNP for G. 

(1 ) The proof is based on an application of the Cauchy formula and it is similar to the 
one given by Rudin for the case of holomorphic self- maps of the unit ball (see [T71 p. 180]). 
For the sake of completeness, we sketch it here. 

Let i? > 1 and let K{ei,R) = {^ G B" : |1 - zi\ < f (1 - \\zf)} be a Koranyi 
region. Let R' > R and 6 := ^{^ — 4-). By [T71 Lemma 8.5.5] if 2; G K{ei,R) and 
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A G C is such that |A| < 5\1 - zi\ and u" e C"~^ is such that ||n"|| < 5\l - zi]^/"^ then 
{zi + X,z" + u") eK{ei,R'). 

Now, fix z G K{ei, R) and let r = r(2;) := 5|1 — 2;i|. By the Cauchy formula 

{dG,{ei),ei) = — - / dC 

Now, by the choice of r, the points (zi + re*^, 2") G -ft'(ei, R'), hence by (14. ip there exists 
a constant C > (which depends only on R, R') such that 

\{G{z^+re^',z"),e^)\ ^^_ 
\zi + re*^ — 1| ~ 

Also, |1 — i:^| < 1 + l/S. Hence, the function K(ei,R) 3 z ^-^ {dGz{ei),ei) is bounded. 
(1 ) We argue as before, but, fixed z G K{ei,R), we take r = r{z) := S\l — z\\^l'^ . 
Hence, for j = 2, . . . , n, we have 

(dG,(e,),ei) _ 1 /■ (G(2; + Cej),ei) 



Zi|V2 27r«|l-Zi|V2y|^|^^ (2 -^C 



2MG(^ + re^%),ei)^_,,^^_ 



2-nb Jq \l — Zi\ 

By the choice of r, the points z + rcj G -ft'(ei, R'), j = 2, . . . ,n, and we can conclude as 
before. 

(2) Let us consider the shce reduction QeiiC) = (G^lC^i), ei). By Theorem 13.41 it follows 
that lim(o,i)9r^i (7ei(r)/(r — 1) = /3. Since the function B" 9 z 1— )■ {G (z) , ei) / {zi — 1) is 
bounded in any Koranyi region by (14.1 1) . Circa's theorem fTli Theorem 8.4.8] implies (2). 

(3) By Theorem l3.3[ we have lim(o,i)3r^i g'e-^{r) = /3, that is, lim(o,i)9r^i((iG'rei(ei), ei) = 
/3. By (1) the map B" 9 z 1— )■ {dGz{ei),ei) is bounded in any Koranyi region, and once 
again (3) follows by Circa's theorem fTli Theorem 8.4.8]. D 

Assuming slightly more regularity at ei we can prove the following intermediate result: 

Proposition 4.2. Let G be an infinitesimal generator on B". Suppose Z lim^_>ei G{z) = 
and 

(4.2) B" 9 2; I— )■ — j ^ — j — is bounded in any Koranyi region. 

\zi — 1| 

Then ei is a BRNP for G and 1 is a BRNP for g^ for all v G £ei ■ Moreover, if (3 E M. 
denotes the dilation of G at ei and /3y denotes the dilation of g^ at 1, then for all v G Cei 
it follows /3y = /3. 
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Proof. Let v G £ei- Let g^ be the slice reduction to v of G. Write G = {Gi,G"). Taking 
into account that for all v G £ei the curve (0, 1) 9 r i— t- ^vi"^) tends to Ci non-tangentially 
it follows that lim(o,i)9r^i G(v5i,(r)) -^ 0. By Theorem 13.31 and Proposition 14. II 

/3.= hm ^^(^) 



(o,i)9t-->i r — 1 

(0,l)9r->l r — 1 

1 lim ^iMi;)!^^ li^ G'i(<^,(r)) (^,(r),ei)-l 



a^ (o,i)9'-^i r — 1 a^ (o,i)3»'^i {^vir), ei) — 1 r — 1 

1 

and we are done. D 



-^a' = /3, 



Proof of Theorem \l/A The hypothesis fll.21) implies that Z limj,_>ei G'(z) = and (14.11) . 
Thus, Proposition 14.11 applies and (1 ), (2) and (3) follow. 

(1 ) The boundness of {dGz{ei), Ci) in any Koranyi region follows again from Proposition 
14.11 The proof that B" 9 z i— )■ {dGz{eh), e^) is bounded in any Koranyi region for h,k = 
2, ... ,n is similar to the proof of (1 ) in Proposition 14. II Thus, we just sketch it here. Let 
R, R', S as in the proof of Proposition 14. 1 1 Fix z G K(ei, R) and let r = r{z) := (5|1 — 2;i|^/^. 
Then for h,k = 2, . . . ,n, 

1 ryG{z + re^'e,),ek)_^_,,^^^ 



2tt6 Jo \l~zi\y^ 

By the choice of r, the points z + rch G K{ei,R'), h = 2,...,n. Hence fll.2p .(**) 
guarantees that z i-)- {dGz{eh),ek) is bounded in K{ei,R). 

(1 ) We retain the notations introduced in the proof of Proposition 14.11 Fix z G 
K{ei, R) and let r = r{z) := 6\1 — zi\. Then, for j = 2, . . . ,■«, 

\l-zi\ I {dG,{ei),ej) = -— / '-dC 

(4.3) '"^ ^'^'- ^ 



2tt 



{G{z, + re\z"),e,)^_,, 



27r6 Jo |l-(2i+re*^)|V2 



1 — [Zi + re 



ie\ 



1-zi 



1/2 

d9. 



Again, by the choice of r, the points {zi +re*^, z") G K{ei, R'). Since |1 — {zi +re*^) 

Zi\ < 1 + 5, hypothesis (ll.2p .(**) guarantees that z t-^ \1 — zi\^^'^{dGz{ei), Cj) is bounded 

in K{ei,R). 
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(4) Let V G £ei- Let g^ be the slice reduction to v of G. Since ^'^{C,) = av, 

1 l-a^ 

^:,(C) = -(ciG^.(c)(t;),ei) + (C - l)^^(rfG^,(c)(^),ei) - (C - 1) (dGl^^^iv) , v") 

By Proposition 14.21 and Theorem 13.31 we have hm(o,i)9r-!>i 5'^(r) = (3. 

Taking into account that (0,1) 3 r \-^ fv{f) tends to Ci non-tangentially, we have 
limr^i G{ipv{r)) = and r \-^ {dG^^(r){v),ei) is bounded by (1 ) and (1 ). Moreover, by 
(1 ) and (1 ) it follows that for v = aei + Yl^=2 '^j^j ^ '^ei 

lim(r - l){dG'^j^-j{v),v") = lim(r - 1) Q]]atJ-(dG^„(^)(ei), e^) 

\j=2 
n \ n 

+ ^ VhVk{dG^^[r){eh),ek) J = lim ^al)j(r - l)(c/G<^^(,.)(ei), e^-) 

h,k=2 J *" i=2 

" (r - 1) 

= ^«i}-lim^^— ^— ^-y— ^(1 - (y.,(r),ei))i/2(rfG'^„(,)(ei),e,) 

n 

Therefore, 

(4.4) /3= lim g'^{r) = - lim (dG<^„(r)(t;), d). 

(0,l)9r^l a (0,l)9r-s>l 

Expanding (14. 4p . and taking into account (3), we have 

(3 = - lim (ciG^^(^)(aei),ei) + V" i;j((iG'<^„(,,)(ej), ei) 

a (0,l)9r^l \ -^ 



from which it follows that, for all choices of v 



>J\^ , ^'"MG^.{r){e,),ei) =0. 



For the arbitrariness of v we have 



lim (dG^„(r)(ej),ei) = j = 2, ...,n. 

(0,l)9r^l 
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Since the function B" 9 2 i— )■ {dGz{ej), ei) is bounded in every Koranyi region and has hniit 
along a non-tangential curve, by Circa's theorem pTl Theorem 8.4.8], it has restricted 
i^-limit 0, and this proves (4). D 

Example 4.3. (cfr. [7, Example 4.2]). Let G{zi, Z2) := (0,-^2/(1 - -^i))- Then G is an 
infinitesimal generator in B" with BRNP ei and dilation /3 = 0. Note that | {G{z), ci) | = 0, 
and Proposition 14.11 applies. However, Zliraz^ei G{z) does not exist. In fact, dG^ is not 
bounded in any Koranyi region: a direct computation shows that 

dGz = Z2 -]_ 

\ (l-zif 1-21 

Moreover, given v = (a, V2) G £ei it is easy to see that 

^.(C) = (i-A)(C-i), 

hence, the dilation /3y of gy at 1 is 1 — Xjo? . Thus, /3„ < = /3 for all v G £ei \ {ci}, and 

/5ei = 0. 

4.1. (Dis) similarities between the Julia-Wolff-Caratheodory theorems for maps 
and for infinitesimal generators and open questions. Hypothesis (11. 2p is stronger 
than the corresponding starting hypothesis in Rudin's theorem, which involves only finite- 
ness of the liminf defining a/(ei). In fact, part of the work in proving Rudin's theorem is 
devoted to show that such a condition, via Julia's lemma, implies boundness of suitable 
functions in any Koranyi region. Julia's lemmas for infinitesimal generators (see Theorem 
13.31) are however - and, in a certain sense, very naturally - weaker than those for self- 
mappings and this forced us to use such a stronger hypothesis. We do not know whether 
there exists any weaker condition in terms of liminf of some function of G which assures 
(and it is equivalent to) hypothesis (II. 2p . 

It would be also interesting to find an example (if any) of an infinitesimal generator 
satisfying the hypothesis of Proposition 14.21 but not hypothesis (II. 2p . 

Moreover, with our techniques, we are not able to prove (or disprove) for infinitesimal 
generators the statements corresponding to (5) and (6) of Theorem 11.11 Namely, under 
the hypothesis of Theorem II. 2 [ we do not know whether for j = 2, . . . , n it holds 

(4.5) Z^ lim i^Ml^ = 0, Z^lim(l-zi)i/2(da(ei),e,) = 0. 

By Circa's theorem [T71 Theorem 8.4.8] and Theorem 11.21 (1 ) and using (14. 3p . these 
results hold if one can prove that for j = 2, . . . ,n 

(4.6) hm i^^^%|l = 

^ ' {0,l)9r^l (l-r)l/2 

In the case of Rudin's theorem, the corresponding radial limit is proven using Julia's 
lemma and the strong constrain of sending the ball into itself. 
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Let / : B" — !■ B" be a holoinorphic self-map having a BRFP at ei. Then G{z) := f{z)—z 
is an infinitesimal generator (see P^ Corollary 3.3.1] and [12]) and, using Theorem 1 1.1^ 
it is not hard to see that G satisfies (11. 2p at ci. Again by Theorem 11.11 it is easy to see 
that G satisfies (14. 6p . and hence (14. 5p . Therefore, for the dense subclass of infinitesimal 
generators of the form f{z) — z with / : B" — )■ B"- holomorphic, the full analogue of 
Rudin's theorem holds. 

Thus, it is reasonable to believe that even in the general case (14. 6 p holds and should 
follow from Julia's lemma for infinitesimal generators and the condition of being an infin- 
itesimal generators. However, we are not able to prove the result. 

5. Higher order jets of generators at BRNPs 

Let G be an infinitesimal generator on B" having a boundary regular null point (BRNP) 
at Ci and assume G is C^ at Ci. We can expand G in the form 

(5.1) Giz) = T{z - ei) + Q2{z - d) + Q^{z - e{) + o{\z - dl^), 

where Qj is a ra-tuple of homogeneous polynomial of degree j for j = 2,3. Then by 
Theorem 11.21 we can write. 



(5.2) T 



/ /3 ... \ 

^2 "522 • • • -32,1 



where /3 G M is the dilation of G at ei and tj, Sjk G C. We set S = {sjk)j^k=2,...,n- 

Also, we write (x, y) G C x C"^"*^ with y = {1/2, ... , Hn) and use multi-indices notations. 
Namely, y^ = 1/2 ■■■yj^', if J = (J2,---,jn); for a muhi- index I = (ii,...,i„) we let 

We let 

(5.3) Q2{x,y)=l Yl qljx'V,..., ^ C,J^^^/ 

\i'=(ii,J)eN", 1/1=2 /=(Ji,j)eN",|7|=2 

for some qf^ j G C. 

Now we characterize boundary jets of infinitesimal generators: 

Proposition 5.1. Let G : B" — t- C" 5e an infinitesimal generator of class C^ at Ci. 
Assume that ei is a BRNP with dilation /3 = 0. Let (15. ip be the expansion of G at ei, 
with T given by (15. 2 p and Q2 given by (15. 3p . Then Reg2,o — ^^^ Res^fc < ^kd.eafcl /'^'^ 
all k = 2, . . . ,n. 

Moreover, Re5'^'(l) = for all v G £ei ^/ o-nd only if 

(5.4) Reg2,o = Resfefc = 0, fc = 2,...,n, 

and, g'liX) = for all v G £ei if cmd only if q^Q = Skk = 0, k = 2, . . . ,n. 



16 
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// (El]) holds, then 

• S is anti-Hermitian, 

• qlj = {}forallJeW\ \J\ =2, 

• lle^ = iLk+en foT k, k = 2, . . . , U, 

• Qoek+e, — Z^'" all h,k,l = 2, . . . ,n with h ^ k,l, 

• Im gj^g^ = Im ^2,0 = ^'^^ ^^ 1i,ek — ^ ^^'^ k = 2, . . . ,n, 

• the matrix Q := (g^g )h,k=2,...,n is Hermitian and positive semi- definite. 
Moreover, there exists 6 < such that 



(5.5) 



Qlix,y) = 5x'' + Y,iQl 
i=2 



lifiWyj- 



Finally, if Reg'^{l) = for all v G £ei then g"'{l) = for all v G £ei if ind only if 



Reqf 



fifc 



0, gj^g^ = for 2 < k < h < n and 6 = 0. 



Proof. Let v G Ce^, and let (7^, : D — > C be the slice reduction of G with respect to v. Let G 
be given by ([EI]), with Tv = {T^v,T"v) G C x C"-\ Q2{v) = {Ql{v) , Q'i{v)) eCx C"-^ 
and Qsiv) = {Ql{v) , Q'^{v)) G C x C"-^ By Theorem Ol 

T^v = {Tv,ei) = {dGe,iv),ei) = a/3 = 0. 

Thus, a direct computation from (13 ■4p shows that 

^.(0 = a.(c - 1)' + &.(c - 1)' + o(ic - in, 

with 

a. = Q^(t;)-(T'yO, 

K = {1- a')Ql{v) + aQliv) - a{Q'i{v),v"). 



(5.6) 



Now, QviC) = C'viC — 1)^ + bv{C — 1)'^ + o(|C — Ip) is an infinitesimal generator in the unit 
disc and thus, by Berkson- Porta formula, it has to hold Re (a^ + 6„(C — l) + o(|C — 1|)) > 0. 
Therefore, in particular, Rea^ > for all v G £ei (see also, [19]). 

By writing down explicitly the condition Re a^ > 0, we find that for all v = {a, V2, ■ ■ ■ , Vn) 
with a G (0, 1], J2]=2 l^jf = 1 - a^ 



(5.7) 






e,+e,VjVk) -^^e {SkjVjVk] 
j,k=2 



+ a 



J=2 fc=2 



a^Rega.o > 0- 



For a = 1, v" = 0, we find Re ^2 ^ 0- 
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When a -> 0, the previous inequahty imphes that the term of degree in a has to have 
real part > 0, namely 

n 

(5.8) Y^ Re {ql^^^+^^VjVk) - 5^ Re {skjVjVk) > 

for \\v"\\ = 1. Now, fix k e {2,. . . ,n} and substitute v" with e^'^'^Ck for 6k G [0,2tt]. We 
obtain Re(gQ2e e^*^*^) — Res^fe > 0, which, for the arbitrariness of 6k, implies Res^fc < 
-kd,2ej ioT k = 2,...,n. 

Now, Re (^"(l) = if and only if Re a^, = for all v G £ei- Therefore, it is clear from the 
previous considerations that if Reg'^{l) = for all v G £ei, then necessarily Reg2o — 0- 
Moreover, the left hand side of (15.81) is equal to 0. Therefore, fixing k G {2,...,n} 
and substituting v" with e^^'^Ck for 6k G [0,27r] we obtain Re (go2e.<2^*^'°) ~ Resfcfc = 0. 
Integrating with respect to 6k in [0, 27r] the harmonic term vanishes and we obtain Re Skk = 
for k = 2, . . . ,n. 

Assume that Res^fc = for k = 2, . . . ,n. Therefore the non-harmonic part in (15. 8p is 
zero, and we claim that this implies that (15 ■8p is, in fact, identically 0. Indeed, we rewrite 
(15:81) as 

Y^ Re {qle,+e,VjVk) - ^ Re [{skj + Sjk)vjVk] > 0. 

'^<j<k<n 2<j<k<n 

Taking \vk\ = 1, Vj = for j ^ k, we find immediately ^q 2e . = 0, A; = 2, . . . , n. Next, we 
take V2 = C, "^3 = ±C with |^| = 1/v^ and f 4 = . . . = f „ = and we obtain 

± (Re(gi,,+,3C') - Re(.32 + ^23)lCn > 0- 
Decoupling the harmonic and non-harmonic terms by integrating as before, we obtain 

Re (S32 + S23) = 0, qle2+e, = 0. 

Finally, taking V2 = C; "^s = e*^C with \(\ = l/-\/2, 6 G [0, 27r] and f 4 = . . . = f „ = we 
obtain 

-|CrRe[(s32 + S23)e-^'^]>0 

which implies S32 + S23 = 0. A similar argument works for the other indices. This proves 
that S is anti-Hermitian and ql j = for all \J\ =2. Moreover, this proves that the terms 
of degree in a in (15. 7p are identically zero. Therefore, the condition Re Skk = for all k 
is sufficient for (15. 7p in degree zero in a to be equal to zero for all v when a — )■ 0. 

Now, since the terms of degree in a in (15. 7p are vanishing identically, the terms of 
degree 1 in a has to have non negative real part as a — > 0, that is 

n 

(5.9) Y ^^ He. - ^^)^^] ^ 0' 

k=2 
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which clearly implies gjg^ = tk for k = 2,...,n. Hence, if Reskk = ^^llfi — then 
Reg'^{l)=OioT aWv ete,. 

From the previous considerations it follows easily that g"{l) = for all v G £ei if and 
only if q^Q = Skk = ioi k = 2, . . . ,n. 

Now, assume (15. 4p . Then for all v G £ei we have Rea^ = namely, QviC) = {C — 
iy[iay + by{( — 1) + o{\( — 1\)] for all f G Cei, where Qy G M. Berkson-Porta's formula 
(see [IS]) imphes then 6„ G M and by <0. 

Taking into account what we have already proved, writing Ql{v) = J2\(ii j)|=3Pii,j'^*^'^"^) 
where we used the multi-indices notation v^ = V2^ ■ ■ ■ f^", from (I5.6p . the condition 6^, < 
becomes 



v' 



(5.10) ^ ^ .^2 y |(,,.)|.3 

fc=2 |(n,j)|=2 
For a = l,v" = 0, we obtain pIq < 0. And, if g'y{l) = for all v, that is &t, = 0, then 

pio = 0- 

Now, as before, we start looking at terms of smallest degree in a when a — ?■ 0. Since 
there are no terms of degree in a, the smallest degree is 1, and we get 

n n 

(5.11) Y. il,vk + Y p>' -YY <y^^ ^ 0' 

fc=2 |/|=3 fe=2 |J|=2 

for all V G C"^^ with ||f || = 1. Replacing v by —v the left-hand side of (15. lip changes 
sign. Therefore we deduce that 

n n 

(5.12) Y <e,vk + Y Po^ -YY ij'-''^^^ = 0' 

fc=2 |/|=3 fc=2 |J|=2 

for all V G C"^"*^ with ||f || = 1. Replacing v by e*^f for 6 G [0,27r] in (I5.12p . dividing the 
equation by e*^ and integrating with respect to ^ in [0, 2n] the harmonic terms vanish and 
we obtain 

n n 

(5.13) Y <e,Vk -YY <y^'' = 0- 

k=2 k=2 |J|=2 

Equation (I5.12P implies then XI 1/1=3^0,/'^^ = 0> which is possible only if plj = for all 

\I\ = 3. Taking t>fc = e^ for fc = 2, . . . , n in (I5.13P we obtain g| g^ = go,2efc ioi k = 2, . . . ,n. 

Now, \et2<ki<k2<n and let v = ^{e'^^ Ck, + e''^^ Ck^) for 6'i, 6*2 G [0, 27r]. Expanding 

(I5.13P with such a choice of w, multiplying by 2-\/2 and taking into account that g| ^ = 
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%,2ek for A; = 2, . . . , n, we obtain 

_ i{2e2-ei) fci _ i(2ei-e2)„fc2 

from which we deduce that g^ g^ = ^o.efc+eh ^^"^ '?o,2eft = for A; 7^ /i G {2, . . . , n}. 

Finally, let 2 < ki < k2 < k^ < n and consider t> = -j^{e^^^ek^ + e^^'^Ck^ + e^^^e^^ for 

^i5^2,6'3 G [0,27r]. Expanding (I5.13P with such a choice of w, multiplying by 3-\/3, we 
obtain 

= e* '(3g^g^^ - go,2efc^ - ^fefe^+efe^ - %%k^+ek^) + ^^ ""(Sg^efe^ ~ ^,26^2 ~ ^ki+e^a ~ ^ofefc^+eftg- 
T^« l-^Vl.efcg y0,2efc3 ^0,66^ +6^3 %,ek^+ek^) ^ %,2ek^ ^ ^0,26^3 

_ pi(ei+e3-e2)„fc2 _ „i(6'2+e3-9i)„fci _ „i(9i+6i2-6i3)„fc3 _ n 

The first three lines of the previous equation do not give any new information, but the 
last one implies that (Jo eh+e, = for fc, /i, / = 2, . . . , n and k ^ h^l. 

Therefore, the term of degree 1 in a, for a — )■ in fIS.lOp identically vanishes. So we 
look at terms of degree 2 in a as a — )■ 0. We have 

n 

(5.14) gio + E Pii""' - E ^Uv.Vk < 0, 

|/|=2 j,fc=2 

for all f G C"~^ with ||f|| = 1. Replacing Vj with e*^^fj for 6j G [0, 27r] and integrating, 
we get rid of the harmonic terms and we find 

n 
fe=2 

Taking t> = e^ we obtain q^Q — q'[,,^ < 0. Since Reg2,o = O5 this implies Irngfe^ = ling2,o 
and Regf^g > for A; = 2, . . . , ra. 

Now, the harmonic part in fl5.14p must be real, that is 



n n 



J2 Pie,+e,^J^l-Yl E ie.Vj^k^^. 
'i<j<l<n k=2 j=2jyfc 

Taking v = e^, this immediately implies Pi^2ek ~ 0- Taking v = -^e^^^ek^ + 6^2) with 
2 < ki < k2 < n and 6 G [0, 2tt], we obtain 
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which imphes p\ e+e^ = for j, A; = 2, . . . , n, j 7^ k. Next, setting v = -j^{ek^ + 6*^6^3 






with ^ e [0, 27r], 2 < fci < A;2 < n, we obtain {c'^ql]^^ + e^^g^l^g^ ) G M, that is 



hence g^g — q^^^ = 0. This, together with (15 .Mp imphes that the matrix Q = 
{Qi,ek)h,k=2,...,n IS Hermitian and positive semi-definite. 

From the previous considerations, we also note that b^ = imphes RegJ^g = and 
Qi^ =0 for 2 < k < h < n, while, this latter condition implies that the term of order 2 
in a as a —)■ in fIS.lOp vanishes identically. 

Now, we are left to impose the condition that the remaining terms give a non-positive 
real number. Looking at terms of degree 3 in a in (15.101) . we have 



= Im 



^(-(lle.Vj + ple.Vj - qi. 



0^'iJ 



J=2 



Xllm[(-g|g^. +p^_g^-g^2o; 
i=2 



^'jJ' 



for all V G C"^^ with ||f|| = 1, which clearly implies —qlg. +P2e ~ ^0 ~ ^^^ ^^^ 
j = 2, . . . ,n. In particular, the term of degree 3 in a always vanishes identically. 

Finally, we impose the condition that the terms of degree 4 in a in fl5.10p are real. This 
means 

Im [-qIo+pIo] =0. 
Taking into account that we already proved that pIq < 0, this implies that lmg2o — 0- 
Note also that if the terms of degree 0, 1, 2, 3 in fl5.10p vanish, which implies in particular 
that qlo = 0, then the terms of order 4 are vanishing if and only if pg q = 0. 

Summing up, if Reg'^{l) = ah f G £ei then g"'{l) = for ah v G £ei if and only if the 
terms of degree 2 and 4 in a in f l5.10p are identically vanishing (because those of degree 1 
and 3 always do). This, in turn, is equivalent to Req^^^^ = 0, g^g^ = 0for2<A;</i<n 
and pIo = 0. And this ends the proof. D 

Proposition 5.2. Let G he an infinitesimal generator on B", C^ at ci. Assume that ci 
is a BRNP with dilation 0. Then G generates a group of automorphisms if and only if 
the following conditions are satisfied: 

(1) Re (g(ei), efc) = 0, /or A; = 2,..., n, 

(2) Re(^(ei),ei) = 0,/orfc = l,...,n, 

(3) (aSt (ei), eh) = Qfor2<k<h<n, 

(4) Re(^(eO,ei) = 0. 

Moreover, if the previous conditions are satisfied, then G = if and only if (|^(ei), Cfc) = 
fork = 2,..., n and (^(ei), d) = 0. 
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Proof. By Proposition l5.ll the hypotheses are equivalent to the fact that for all v G £ei the 
shce retraction g^ has the property that g'^{l) = Reg'^{l) = g'^'il) = 0. By [121 Corollary 
4] this is equivalent to the fact that g^ is a generator of a group of automorphisms of D 
for all V G £ei (and g^ = ii and only if g"{l) = 0). Then the statement follows from 
Proposition 13.91 D 

Lemma 5.3. Let G : B" — > C" be an infinitesimal generator, C^ at ei and with BRNP 
at ei and dilation [i E'^\ {0}. Let Hp he given by (13. 5p and let G := G + Hp. Then G 
has a BRNP at ei with dilation 0. Moreover, denoting by Sjk, ql j the elements in the 

expansion of G at ex, we have Skk = Skk - f , ^2,0 = ?2,o " 2' ^te^ = 1i,ek ~2' k = 2,. . .,n 
and q^^^ = q'^^^ for 2 < k < h < n. 



Proof. By Corollary 13. 7[ the vector field G + H/s is an infinitesimal generator with BRNP 
at 1 and dilation = 0. Now, 

H(3{z) = ( -l3{Zi - 1), --^2, • • • , --Zn 

--{Zi - if, --(2:1 - 1)Z2, . . . , --(2:1 - l)Zn 

From this the statements follow easily. D 

Proof of Theorem \1.3i Let G := G + Hp. Thanks to Lemma 15. 3[ the hypotheses on G 
implies that G satisfies the hypothesis of Proposition 15. 2[ and the result follows. D 

6. On the quadratic expansion at BRNPs 

In [19] it is shown that if (7 : D — t- C is an infinitesimal generator in D which is C^(l) with 
expansion g{z) = z — l + a{z — lf + o{\z — l\'^) then the quadratic part z 1— > z — l + a{z — lf 
is always an infinitesimal generator in D which generates a semigroup of linear fractional 
self-maps of the unit disc. 

In higher dimension the same result is false, and, even when the quadratic part is an 
infinitesimal generator, it might not generate a semigroup of linear fractional maps. The 
underlying reason is that slice reductions at a BRNP of an infinitesimal generator do not 
preserve the degree of expansion at the boundary (cfr. (15. 6p ). so that the quadratic part 
of the infinitesimal generator in B" might generate a cubic term on some slice reduction. 
We present the following examples. 

Example 6.1. Let F : B^ — ^ C^ be given by 

52:2 



n^l,^2) = -(.l-l,4(2-.2) 
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We claim that F is an infinitesimal generator. Indeed, for each z G dW' we have 

4(2-^2) ^ ^ ' ' V4(2-^2) 



{-F{z),z) = \z,\^--, + J^ = {l-zl) + k2p ^7777^ - 1 



Hence 



Re {-F{z), z)>l- /rq^ + k2l'Re ( Jp^ " l) 



<"' ^i--^l'M 7-7=3 + ip^-l 



r 



5 - 3Vl-r^ - 4rVl - r2 



4(2 + r)(l + VT^^) 

where r = \z2\- 

A standard computation shows that the expression 5 — 3v^l — r^ — 4rv^l — r^ is posi- 
tive on the segment [0, 1]. Therefore, one concludes that Re {F{z), z) < for all z G dM"^. 
Taking into account that F is holomorphic past the boundary of B^, one can apply The- 
orem |3?3l (3) with /3 = 0, and Proposition 13.81 to see that F is an infinitesimal generator 
on B^ (see also [HI Corollary 7.1]). 

On the other hand, denote by F the quadratic expansion of F at ei, namely. 

For this mapping 

(-%),z) = |.,r-zr + ^(i + |) 

In particular, at the point ^i = -j^, 2:2 = — 4j we have 

13 37 

{F(z),z) = + ^ ^ 0.005 > 0. 

So, F is not a semigroup generator on the ball B^. 

Example 6.2. Let F : B^ ^ C^ be given by 

32:2 



-^"(^1,2:2) = ~ \ Zi 



'(2-^2); 
We claim that F is an infinitesimal generator on B^. Indeed, for each z G dM we have 

{-Fiz),z) = \z^\'--, + ^ = (1 -^) + k2p ^ ^ 



2-^2 ' ^' V2-^2 

Since the inequality Re 2^^ > | holds for all Z2, \z2\ < 1, we conclude that Re — 
{F{z),z) > for all z G dM. As in the previous example taking into account that F 
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is holoinorphic past the boundary of B^, one can apply Theorem 13. 31 (3) with (3 = 0, and 
Proposition 13.81 to see that F is an infinitesimal generator on B^ (see also [121 Corollary 
7.1]). 

On the other hand, denote by F the the quadratic expansion of F at ei, namely, 



F{z) 



z\ — 1, — 1 H 

' 2 V 2 



One can easily see that F generates a semigroup of holomorphic self-maps of B^ which 
does not consist of linear fractional maps (cfr [B]). 
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